Inflation is studied in the context of asymptotically safe theories of gravitation. Conditions are explored under which it is possible to have a long period of nearly exponential expansion that eventually comes to an end.
I. Introduction
Decades ago it was suggested that the effective quantum field theory of gravitation and matter might be asymptotically safe, 1 and hence ultravioletcomplete. That is, the renormalization group flows might have a fixed point, with a finite dimensional ultraviolet critical surface of trajectories attracted to the fixed point at short distances. Evidence for a fixed point in the quantum theory of gravitation with or without matter has gradually accumulated through the use of dimensional continuation, 2 the large N approximation 3 (where N is the number of matter fields), lattice methods, 4 the truncated exact renormalization group, 5 and a version of perturbation theory. 6 Recently there has also been evidence that the ultraviolet critical surface is finite-dimensional; it has been found that even in truncations of the exact renormalization group equations with more than three (and up to nine) independent coupling parameters, the ultraviolet critical surface is just threedimensional. 7 The condition that physical parameters lie on the ultraviolet critical surface is analogous to the condition of renormalizability in the Standard Model, and like that condition yields a theory with a finite number of free parameters.
The natural arena for applications of the idea of asymptotic safety is the physics of very short distances, and in particular the early universe. 8 In Section II we show how to formulate the differential equations for the scale factor in a Robertson-Walker solution of the classical field equations in a completely general generally covariant theory of gravitation. In Section III we apply this result to calculate the expansion rate H for a de Sitter solution of the classical field equations. We are interested here in solutions for which H is of the same order as the scale at which the couplings are beginning to approach their fixed point, or larger. In this case, H turns out in the tree approximation to depend strongly on the ultraviolet cutoff, indicating a breakdown of the classical approximation. We deal with this by choosing an optimal cutoff, which minimizes the quantum corrections to the classical field equations. Section IV considers more general time-dependent Robertson-Walker solutions of the classical field equations with an optimal cutoff, and explores the circumstances under which it is possible to have an exponential expansion that persists for a long time but eventually comes to an end. An illustrative example is worked out in Section V.
We will work with a completely general generally covariant theory of gravitation. (For simplicity matter will be ignored here.) The effective action with an ultraviolet cutoff Λ takes the form 9
Here we have extracted powers of Λ from the conventional coupling constants, to make the coupling parameters g n (Λ) dimensionless. Because they are dimensionless, these running couplings satisfy renormalization group equations of the form
The condition for a fixed point at g n = g n * is that β n (g * ) = 0 for all n. As is well known, the condition for the couplings to be attracted to a fixed point g n * as Λ → ∞ can be seen by considering the behavior of g n (Λ) when it is near g n * . In the case where β n (g) is analytic in a neighborhood of g n * , near this fixed point we have
The solution of Eq. (2) in this neighborhood is
9 Higher derivative theories of this sort if used in the tree approximation have long been known to be plagued by "ghosts"; that is, poles in propagators with residues of the wrong sign for unitarity. This is only if the series of operators in (1) is truncated; otherwise propagator denominators are not polynomials in the squared momentum, and there may be just one pole, or any number of poles. Even with a truncated action, because of the running of the couplings, there is no one Lagrangian that can be used to find the propagator in the tree approximation over the whole range of momenta where the various poles occur, and it is not ruled out that all the poles have the residues of the right sign. For instance, ref. 6 shows that, in a theory with only the couplings g1, g2a, and g 2b , the residue of the pole in the spin 2 propagator at high mass, which had usually been supposed to have the wrong sign (as for instance in the work of K. S. Stelle, Phys. Rev. D 16, 953 (1977) ), in fact has a sign consistent with unitarity. More generally, Benedetti et al. in ref.
7 point out that for any truncation or no truncation, when we look for a pole at a fourmomentum p, we must take the cut-off Λ to be proportional to −p 2 , so the denominator of any propagator takes the form p 2 + m 2 (−p 2 ). The function m 2 (−p 2 ) is a constant at sufficiently low |p 2 |, and of the form cp 2 for momenta so large that the couplings are near their fixed point, where c is a constant, so the equation p 2 + m 2 (−p 2 ) = 0 for the pole position has no solution if −c > 1.
where u N and λ N are eigenvectors and corresponding eigenvalues of the matrix B nm :
It is a physical requirement that the only eigenvectors that are allowed to appear in the sum in Eq. (4) are those for which the real part of the corresponding eigenvalues are negative, so that the couplings actually do approach the fixed point. The normalizations of the eigenvectors that do appear in Eq. (4) are free physical parameters, the only free parameters of the theory, except that we can adjust the over-all normalization of all the eigenvectors as we like by a suitable choice of the arbitrary mass scale M . If we choose M to make the largest of the u N n of order unity, then M is the cut-off scale at which couplings are just beginning to approach their fixed point.
Aside from the illustrative example considered in Section V, we will not carry our discussion in this paper to the point of performing numerical calculations, which of course would require some truncation of the series of terms in the action (1). Our purpose here is to lay out the general outlines of such a calculation, for which purpose we do not need to adopt any specific truncation. Our results are worked out in detail for the terms explicitly shown in Eq. (1), but this is only for the purposes of illustration; nothing in this paper assumes the neglect of higher terms. For our purposes here, it makes no difference whether Λ is regarded as a sharp ultraviolet cutoff on loop diagrams to be calculated using the action (1), or as a momentum parameter (usually called k) in a regulator term added to the action, or a sliding renormalization scale.
II. Robertson-Walker Solutions
In this section we consider how to find a solution of the classical gravitational field equations for the general action (1), of the flat-space RobertsonWalker form
It would be very complicated to derive the ten classical field equations for a general metric that follow from an action like (1), and then specialize to the case of a Robertson-Walker metric. Instead, we can much more easily exploit the symmetries of this metric to derive a single differential equation for the Hubble rate H(t) ≡ȧ(t)/a(t). In showing how to derive this differential equation, we will be quite general, not making any use in this section of the assumption of asymptotic safety. We can use the rotational and translational symmetries of the line element (6) to write the components of the variational derivatives δI Λ /δg µν in the form
the subscript RW indicating that, after taking the variational derivative, the metric is to be set equal to the Robertson-Walker metric defined by (6).
(The factors Λ 4 /6a 2 and Λ 4 /2 are inserted in the definitions of M Λ and N Λ for future convenience.) Also, the general covariance of the action yields the generalized Bianchi identity
By using Eqs. (7)-(9) for the Robertson-Walker metric, Eq. (10) is reduced to the condition:
Therefore the gravitational field equations reduce here to a single differential equation:
which we see ensures the vanishing of all variational derivatives δI Λ [g]/δg µν . This result (which holds also in the presence of spatial curvature and matter) is the generalization of the familiar Friedmann equation, which would apply if only the Einstein-Hilbert term − √ gR/16πG and a vacuum energy term were included in the gravitational action.
We can express M Λ and then N Λ in terms of variational derivatives of the action for the Robertson-Walker metric with respect to the scale factor a(t). Because a(t) appears in the Robertson-Walker metric only as a factor a 2 (t) in g ij (x, t), we have
where V is the coordinate space volume (which can be made finite by imposing periodic boundary conditions.) For the flat-space Robertson-Walker metric (g RW ) µν , the action takes the general form
where as usual H(t) ≡ȧ(t)/a(t). Here and in Eqs. (15)- (17) below, the ellipsis . . . indicates a possible dependence of I Λ on second and higher derivatives of H(t). (Second and higher time derivatives do not occur in I Λ if the integrand of the action is √ −Det g times an arbitrary scalar function of the Riemann-Christoffel curvature tensor R µνρσ , including of course an arbitrary dependence on the curvature scalar and the Ricci tensor, but we do not assume that this is the case.) Comparing Eq. (13) with the result of a straightforward calculation of the variational derivative of the action (14) with respect to a(t) gives
We note that a 2ȧ M Λ is a time-derivative
Comparing with Eq. (11), we see that N Λ equals the term in square brackets in (16), up to a possible term equal to a constant divided by a 3 (t). But the term in square brackets is independent of the scale of a(t), as is N Λ (t), so there can be no term in their difference proportional to 1/a 3 (t), and thus
The ten classical field equations reduce for the flat-space Robertson-Walker metric to the single requirement that this vanishes.
To evaluate the terms in the action for the Robertson-Walker metric with no spatial curvature that are explicitly shown in Eq. (1), we note that for this metric R = −12H 2 − 6Ḣ and R µν R µν = 36H 4 + 36H 2Ḣ + 12Ḣ 2 . Using these in Eq.
(1) and comparing with Eq. (14) gives
where now the dots . . . denote contributions from terms not shown in (1), some of which involve second and higher derivatives of H. From Eq. (17), we then have
This is the quantity that must be set equal to zero in finding a flat-space Robertson-Walker solution of the classical gravitational field equations.
III. De Sitter Solutions and Optimal Cutoff
We can now easily find the condition for a de Sitter solution of the classical field equations, with
where H is constant. Setting the quantity (19) equal to zero for H(t) = H gives our condition on H: 10
It is easy to find solutions of Eq. (21) that have small values of H, very much smaller than the scale M at which the couplings begin to approach their fixed points. For sufficiently small H, we can take Λ to be much larger than H, and yet small enough so that the couplings appearing as coefficients in (1) become independent of Λ, and in particular
where ρ V and G N are the conventional, Λ-independent, vacuum energy and Newton constant. Then (21) has the familiar Λ-independent solution
Because of the still mysterious fact that ρ V is observed to be much less than G −2 , this value of H is much less than G −1/2 , and so radiative corrections and higher terms in (21) can be neglected. We will instead be interested here in looking for solutions for which H is roughly of the order of the scale M at which the couplings begin to approach their fixed points, or larger. In this case, we face a difficult choice: How should we choose Λ? On one hand, if we choose Λ ≪ H, then we can expect radiative corrections to the classical result (21) to be unimportant, because H provides a natural infrared cutoff in loop diagrams constructed using the action (1). But for Λ ≪ H, the sum (21) receives increasing contributions as we include higher and higher terms, and whether or not the series actually converges, it is not useful. On the other hand, if we choose Λ ≫ H, then it is reasonable to suppose that the series (21) is dominated by its lowest terms, but for Λ ≫ H there is no reason to suppose that we can neglect radiative corrections to the field equations. Indeed, we can see that radiative 10 Note that this is not the result that would be obtained by setting the derivative of IΛ(H, 0, 0, . . .) with respect to H equal to zero. For a de Sitter metric with a(t) = exp(Ht), the integral over t in the action IΛ[g] diverges at t = ∞. If we integrate only from t = −∞ to t = 0, the integral dt a 3 (t) gives a factor 1/3H , but the derivative of IΛ(H, 0, 0, . . .)/3H with respect to H is not zero; it equals a surface term (∂IΛ/∂Ḣ) H , which again gives Eq. (21).
corrections to the field equations are important here, because where Eq. (21) is dominated by its lowest terms, it gives H a strong dependence on Λ. (This is clearest in the case where Λ is so large that the couplings are near their fixed points, in which case (21) gives H proportional to Λ.) The whole point of the renormalization group equations (2) is that physical quantities like H should be independent of the cutoff, but in general this is true only when radiative corrections are included, and since Eq. (21) gives H a strong dependence on Λ when Λ ≫ H, radiative corrections evidently can not be neglected.
Ideally, we should leave Λ undetermined, and calculate enough of the radiative corrections to the field equations so that H comes out at least approximately independent of Λ. This would not be easy. Instead, we can try to make a judicious choice of Λ to minimize the radiative corrections. We can guess that the optimal Λ is roughly of the order of H, where radiative corrections are just beginning to be important, and the higher terms in (21) are just beginning to be less important. This sort of guess works quite well in quantum chromodynamics. The radiative corrections to a process like e + -e − annihilation into jets of hadrons at an energy E are accompanied with powers of ln(E/Λ), and to avoid large radiative corrections it is only necessary to take Λ ≈ E. In this way, we can use the tree approximation to calculate the annihilation into, say, three jets, with the renormalization scale of the QCD coupling taken of order E. But in our case, radiative corrections are more sensitive to Λ, and we have to make a more careful choice of Λ.
To find an optimal cutoff, we note that in principle we should find H by solving the full quantum corrected field equations, which give a result that can be schematically written as
where H(Λ) is defined as the solution of Eq. (21), and ∆H(Λ) represents the effect of radiative corrections. Instead of calculating loop graphs, we can get some idea of the results of such a calculation by using the treeapproximation field equations (21), but with Λ chosen at a local minimum of the radiative corrections to H. For such an optimal Λ, we have 11
As already mentioned, physical quantities, including the true expansion rate H true , must be independent of Λ, so Eq. (23) tells us also that the expansion rate calculated from the classical field equations is stationary at the optimal cut-off
By definition, for any Λ we have N Λ H(Λ) = 0, and by differentiating this with respect to Λ and using Eq. (24) we find that the condition for an optimal cutoff may be put in the form
where A Λ arises from the explicit dependence of N Λ (H) on H/Λ:
and B Λ comes from the running of the couplings in N Λ :
We now have two equations, (21) and (25), for the two quantities H and Λ, so it is not unreasonable to expect there to be one or more solutions, with both Λ and H roughly of order M , the only mass parameter in the theory.
IV. Time Dependence
The de Sitter solution found in Section II describes a universe that inflates eternally. For a more realistic picture of inflation, we need a solution that remains close to the de Sitter solution with expansion rate near H for a time much longer than 1/H, but that gradually evolves away from the de Sitter solution, so that inflation can come to an end. (We have nothing to say here about the metric before the universe enters into its de Sitter phase.)(This is a quadratic equation in the special case in which the integrand of the action is √ −Detg times an arbitrary function of the curvature tensor.) For positive Re ξ, Eq. (33) represents an instability, and the number of e-foldings before this instability ends the exponential expansion is ≈ 1/Re ξ. We would generally expect the coefficients in Eq. (34) to be of the same order, in which case typical solutions for ξ would be of order unity, and inflation would either end almost immediately (if Re ξ > 0) or go on forever (if Re ξ ≤ 0). But there are various circumstances under which we expect ξ to be much smaller, giving a large number of e-foldings before the end of inflation. 12 1. If |c 0 | is much less than all the other |c n |, then Eq. (34) will have a solution ξ ≃ −c 0 /c 1 , and so much less than unity. In particular, if we now choose Λ to be the optimal cutoff described in the previous section, then we can use the condition (25) and Eq. (30) to write
According to Eq. (27), B Λ (H) vanishes if the couplings are at their fixed point, so we can conclude that it is possible to have a long but not eternal period of inflation if the optimal Λ is large enough so that the couplings g n (Λ) are not far from their fixed point. But there is a limit to how close the couplings at the optimum cutoff can be to their fixed point. At the fixed point, the quantities (21) and (25) are both functions of the single parameter H/Λ, and it is not likely that these two functions would vanish at the same value of this parameter.
2. If the couplings are not very near their fixed point, they are sensitive to the free parameters of the theory that characterize the particular trajectory in coupling-constant space on which the couplings lie, and it is easy to choose these couplings to make |c 0 | as small as we like. For instance, where (4) applies, all the couplings are linear in the normalization of the eigenvectors u N n , the only free parameters of the theory. In a theory of chaotic inflation, the value of these parameters in any big bang containing observers may be conditioned by the requirement that c 0 should be small enough (and have the right sign) to allow the bang to become big. To be specific, in order for spatial curvature not to interfere with the formation of galaxies it is necessary that the universe should expand enough during inflation so that whatever curvature was present at the beginning of inflation would be decreased enough so that the curvature term in the Friedmann equation should not dominate over the matter term when galaxies form. 13 As is well known, the fact that spatial curvature does not dominate at present requires about 60 to 70 e-foldings of inflation, 14 and the anthropic requirement that curvature does not interfere with galaxy formation is almost as restrictive. But the combination of data from the microwave background, baryon acoustic oscillations, and type Ia supernovae distance-redshift relations has shown 15 that (within two standard deviations) the fractional curvature contribution Ω K to H 2 0 is in the range of −0.0178 to +0.0066. It is hard to see any anthropic reason for a number of e-foldings large enough to reduce the curvature this much.
3. Instead of c 0 being anomalously small, it is possible for some or all of the other c n to be anomalously large, in which case again ξ will be small and the number of e-foldings will be large. For instance, we note that c 0 unlike the other c n does not involve the couplings g 2a and g 2b , so if these couplings are anomalously large, as in ref. 6, then c 1 , c 2 , etc., will be much larger than c 0 , and again we will have |ξ| ≃ |c 0 /c 1 | ≪ 1.
V. An Example
We will now apply the above results to a classic example of higher derivative theories of gravitation, with action limited to terms with no more than four spacetime derivatives:
This theory was studied by Stelle 16 as a possible renormalizable quantum theory of gravitation, and has been considered recently by Niedermaier 17 and by Benedetti et al. 18 in connection with asymptotic safety. As is well known, it is possible by using the Gauss-Bonnet identity to put this action in the form used in refs. 17 and 18:
where C µνρσ is the Weyl tensor, and
For this action, Eq. (21) gives the expansion rate for a de Sitter solution of the field equations as
Instead of trying to find an optimal value of Λ, which minimizes radiative corrections to Eq. (39), here we will simply assume that Λ is large enough so that the couplings g n (Λ) are near their fixed point g n * , and use Eq. (39) to express Λ in terms of H:
with H left undetermined. The critical question for this sort of theory is whether the de Sitter solution has an instability that ends the eepxonential expansion after a finite but large number of e-foldings. As we have seen, for any small perturbation of the de Sitter solution,ȧ/a is a sum of terms with the time dependence exp(ξHt), with ξ running over the roots of Eq. (34). We are now considering an action whose integrand is √ −Detg times a scalar function of the metric and the Riemann-Christoffel curvature tensor, so as remarked in the previous section, this equation is quadratic: 
where A = − c 0 c 2 = 3g 2 1 * g 0 * (3 g 2a * + g 2b * ) .
We get a realistic picture of inflation if it turns out that A is small and positive. In this case Eq. (44) has a root with ξ ≃ −3, corresponding to a perturbation toȧ/a that decays as exp(−3Ht), and a root with ξ ≃ A/3, corresponding to a slowly growing perturbation, that ends the exponential phase after about 3/A e-foldings. 
where M is some unknown large mass. Then Eq. (45) gives
so A is positive, but Λ/M would have to be about 10 8 to give 60 e-foldings before inflation ends.
In ref.
18, by using the truncated exact renormalization group equations, a fixed point is found with (in our notation) 
